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Abstract 

In this paper, we first present the complete list of the singularity types of 
the Picard number one Gorenstein log del Pezzo surface and the number of 
the isomorphism classes with the given singularity type. Then we give out a 
method to find out all singularity types of Gorenstein log del Pezzo surface. As 
an application, we present the complete list of the Dynkin type of the Picard 
number two Gorenstein log del Pezzo surfaces. Finally we present the complete 
list of the singularity type of the relatively minimal Gorenstein log del Pezzo 
surface and the number of the isomorphism classes with the given singularity 
type. 

1 Introduction 

Let V be a normal projective surface denned over the complex numbers field C. We 
say that V is a log del Pezzo surface if V has at worst quotient singularities and if the 
anticanonical divisor — Ky of V is an ample divisor. Then V is Gorenstein, i.e., Ky is 
a Cartier divisor, if and only if V has at worst rational double singularities. We note 
that a log del Pezzo surface is a rational surface (cf. [GZ]). The log del Pezzo surface 
has been studied from the various points of view. A general theory on the structure of 
such singular surfaces is developed in [Ml] , [Zl] and [Z2]. The topological properties 
of the smooth part of the log del Pezzo surfaces and log Fano varieties are studied in 
[Fujiki], [GZ], [GZ1], [Tl] and [Z3-Z6]. 

Let V be a Gorenstein log del Pezzo surface. Denote by V° := V — (SingVQ the 
smooth part of V. Let g : U — ► V be a minimal resolution of singularities, we denote 
by D := <7 _1 (SingV) the exceptional divisor and §(D) the number of the irreducible 
components of D. 

In [Fu] , the possible singularities of a Picard number one Gorenstein log del Pezzo 
surface are classified (see also [Brenton] ). 

Question 1.1 Let V be a Picard number one Gorenstein log del Pezzo surface, is V 
then determined uniquely by its singularities? 

In general, V is not determined by its singularities. However, when V° is simply 
connected, this is almost the case. In [GPZ], [KM] and [MZ1], they have shown that 
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for a Picard number one Gorenstein log del Pezzo surface V with simply connected 
smooth part, the singularity type of V is one of the following: 

A u A l + A 2 , At, D 5 , E 6 , E 7 , E 8 . 

Furthermore, V is uniquely determined by its singularities except in the case of V(E 8 ) 
where there are exactly two isomorphism classes. 

One of our main results is the following: 

Theorem 1.2 Let V be a Picard number one Gorenstein log del Pezzo surface 
P 2 ), then the singularity types ofV and the number m of the isomorphism classes of 
the Picard number one Gorenstein log del Pezzo surfaces with the given singularity 
type are listed in Table 1.1. 



Table 1.1 



Dynkin type of V 


m 


Dynkin type of V 


m 


Dynkin type of V 


m 


E 8 


2 


2A A 


1 


A 1 + 2A 3 


1 


Ai + E 7 


2 


A 1 + A 2 + A 5 


1 


Eq 


1 


D 8 


1 


2A 1 + 2A 3 


1 


A! + A 5 


1 


A 8 


1 


AA 2 


1 


SA 2 


1 


A 2 + E 6 


2 


E 7 


1 


D 5 


1 


2A l + D % 


1 


A! + D 6 


1 


2A l + A 3 


1 


2D A 


oo 


A 7 


1 


A A 


1 


A 3 + D 5 


1 


A 2 + A 5 


1 


A l + A 2 


1 


A l + A 7 


1 


3A 1 + D A 


1 


A, 


1 







All isomorphism classes of any given singularity type are realizable (see the proof). 

Corollary 1.3 Let V be a Picard number one Gorenstein log del Pezzo surface. Then 
V is determined uniquely up to isomorphisms by the Dynkin type of V , except for 
V(E 8 ), V(A 1 + E 7 ), V(A 2 + E 6 ) and V(2D 4 ). 

Remark 1.4 There are several results which are related to our Theorem 1.2. 

(1) In [Fu] , the possible singularities ofV are classified (see also [Brenton] ). 

(2) In [MZ1], a classification of Picard number one Gorenstein log del Pezzo 
surfaces is given. 

In the proof, we need the result about the extremal rational elliptic surfaces which 
is proved in [MP] but we do not use the classification mentioned in [Brenton], [Fu] 
and [MZ1] above. 
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We also find out the singularity types of the Picard number two Gorenstein log del 
Pezzo surfaces. 



Theorem 1.5 Let V be a Picard number two Gorenstein log del Pezzo surface 
P 1 x P 1 and Si). Then there exist exactly 45 singularity types which are listed in 
Table 1.2. 



Table 1.2 



E 7 


A 7 


2A 3 + A l 


A A + A 2 


A 4 + A 1 


A 3 


E 6 + A 1 


A Q + A 1 


3A 2 + A 1 


2A 3 


A 3 + 2A X 


A 2 + A ± 


D 7 


A 5 + A 2 


Eq 


A 3 + A 2 + Ai 


2A 2 + A x 


A 2 


D 6 + A 1 


A 5 + 2A l 


D 6 


A 3 + 3Ai 


D A 


2A X 


D 5 + A 2 


A 4 + A 3 


D 5 + A t 


3A 2 


A A 


A, 


D 5 + 2A l 


A A + A 2 + At 


D A + 2Ai 


6At 


A 3 + A x 




D 4 + A 3 


A 3 + A 2 + 2A 1 


A 6 


D 5 


A 2 + 2A X 




D 4 + 3A 1 


A 3 + AA X 


A 5 + A 1 


A 5 


4Ai 





All the above singularity types are realizable (see the proof). 



The relatively minimal Gorenstein log del Pezzo surface (see Definition 2.1) is intro- 
duced in [MZ2] where the Dynkin type of the Picard number two relatively minimal 
Gorenstein log del Pezzo surface is given but the number of the isomorphism classes 
with the given singularity is not provided. In this paper, we prove the following 
theorem. 

Theorem 1.6 Let V be a Picard number two relatively minimal Gorenstein log del 
Pezzo surface P 1 x P 1 and Si). Then V has one of the 10 singularity types 
in Table 1.3. The number m of the isomorphism classes of the Picard number two 
relatively minimal Gorenstein log del Pezzo surfaces with the given singularity type 
are also listed in Table 1.3. 



Table 1.3 



Dynkin type of V 


m 


Dynkin type of V 


m 


Dynkin type of V 


m 


D 7 


oo 


De 


oo 




1 


D 5 + 2Ai 


oo 


D A + 2A X 


1 


AAi 


1 


A 3 + 4Ai 


1 


2A 3 


oo 






A 3 + D 4 


oo 


6Ai 


1 











All isomorphism classes of the above singularity types are realized in the course of the 
proof. 
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Corollary 1.7 Let W be a Gorenstein log del Pezzo surface. 

(1) Then there are disjoint curves C\, • • -, Ck and a birational morphism a : 
W — ► W m i n such that cr(Cj) are smooth points , a is an isomorphism outside UCj 
and W m i n is isomorphism to one of the surfaces V in Theorem 1.2 or 1.6. 

(2) The singularity type of W is that of V plus a few type A n . (1 < i < k) 
singularities lying on Ci. 



Remark 1.8 From [MZ2, Lemma 2] or Lemma 2.3, we know that Theorems 1.2 
and 1.6 present the complete list of the singularity types of the relatively minimal 
Gorenstein log del Pezzo surfaces and the number of the isomorphism classes with the 
given singularity type. 

This paper is organized as follows. In section 2, we introduce some terminology 
and preliminaries which will be used throughout the paper. In section 3, we establish 
the connection between Gorenstein log del Pezzo surfaces and rational elliptic surfaces. 
We will also give out a method to classify all singularity types of the Gorenstein log 
del Pezzo surfaces. In sections 4 and 5, we prove Theorems 1.2, 1.5 and 1.6. 

Acknowledgement. I would like to thank Professor D.-Q. Zhang for many enlight- 
ening advice during the preparation of this paper. 



2 Preliminaries 

A. Relatively minimal Gorenstein log del Pezzo surfaces 



Let V be a Gorenstein log del Pezzo surface. Let / : U — > V be a minimal 
resolution of singularities and let D := f^ 1 (SingV). Then there are no (— n)-curves 
on U with n > 2 except for those (— 2)-curves contained in D. The morphism / is 
the contraction of all (— 2)-curves on U. 

Let S = {Fi, ■ ■ ■ , F t } be a maximum set of disjoint union of (— l)-curves on U 
such that the connected component of ^2Fj + D containing Fi is a linear chain Fi + A, 
of Fi and Hi (rij > 0) (— 2)-curves with the dual graph: 

(-1) - (-2) - (-2) (-2). 

Let U — > U m - m be the smooth blow-down of all connected components of J2l=i (Fi + 
Aj). Let D' be the image on U m - m of D and let U m - m — > V min be the contraction of 
D' . Then we have a commutative diagram: 

U — > U min 
i i 

v — > v min 

Here the map V — > \4iin contracts Fi := f (Fi) to t smooth points and is isomor- 
phism outside UFj. Note that p(Vmi n ) = p(V) — t. 
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Definition 2.1 The surface V m i n is called a relatively minimal model of V . V is 
relatively minimal if V = V m i n . Note that V ni i n is not uniquely determined by V. 

From the above discussion, we have 

Lemma 2.2 Let V be a Gorenstein log del Pezzo surface, U the minimal resolution 
of V and D the exceptional divisor. 

(1) V is not relatively minimal if and only if there is a {—\)-curve E on U such 
that the connected component of E + D has dual graph: 

(-1) or (-1) - (-2) - (-2) (-2). 

(2) If SingV min has Dynkin type Y^aiAi + YldiDi + Y]tiEi, then SingV has Dynkin 
type £ diA + E diD,i + £ + £*=i A n% . 

Thanks to the virtue of Miyanishi-Zhang (cf. [25, Lemma 2]), we have the following 
Lemma. 

Lemma 2.3 Let V be a Gorenstein log del Pezzo surface. Then there exists a bira- 
tional morphism r\ : V — > W such that the following assertions hold. 

(1) W is a relatively minimal Gorenstein log del Pezzo surfaces of Picard number 
one or two. 

(2) Let Ei,...,E t be all exceptional curves ofrj. Then Wi := rj{Ei){l < i < t) are 
t distinct smooth points of W for each i. Moreover V consists of the same singular 
points as on W and additional points X{ of the Dynkin type A ni with ni > 1, where 
\<i<t. 

B. Mordell-Weil groups of elliptic surfaces 

(a) Definitions 

Let C be a smooth projective curve over an algebraically closed field of characteristic 
0, and Y a (Jacobian) elliptic surface over C . By this we mean the following: Y is a 
smooth projective surface with a relatively minimal elliptic fibration 

/: Y^C 

such that 

(i) f has a global section O, and 

(ii) f is not smooth, i.e., there is at least one singular fibre. 

For every (Jacobian) elliptic fibration Y there is a group structure of sections MW(Y) 
with the distinguished section O as zero which we call Mordell-Weil group. Up to 
a finite group, MW(Y) is identified with the relative automorphism group of the 
fibration. The basic results on the Mordell-Weil groups are proved in [Sh]. 
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Due to a formula of Shioda-Tate we have the basic inequalities 

< rankAAW(F) < p(Y) - 2 

where p(Y) is the Picard number and the discrepancy in the upper bound is related 
to the degree of reducibility of the fibre. 

Definition 2.4 An elliptic fibration Y is called extremal if p(Y) = h l,1 {Y) (maximal 
Picard number) and rank MW{Y) = 0. 

The extremal elliptic surfaces have been studied from various points of view. In 
[MP], the complete classification of extremal rational elliptic surfaces is given. For 
extremal elliptic K3 surfaces, we refer to [ATZ], [MP1], [MP2], [SZ] and [Ye]. 

Definition 2.5 Y is called a Mordell-Weil rank r rational elliptic surface ifY is 
a rational surface and rank MW(Y) = r. 

In [M] and [P] , the complete classification of the rational elliptic surfaces is given. 
In [OS], they describe the complete structure theorem of the Mordell-Weil groups of 
the rational elliptic surfaces. 

The following result is proved in [OS, Corollary 2.3 and Theorem 2.5]. 

Theorem 2.6 The Mordell-Weil rank one rational elliptic surface is generated by the 
section P which is disjoint from the zero-section O with < P, P >< 2, where < •, • > 
is the height pairing on Mordel- Weil groups which is defined below. 

(6) Height Pairing 

Let /: Y — > P 1 be a (relatively minimal) elliptic surface over P 1 with a distin- 
guished section O. The complete list of possible fibres has been given by Kodaira 
[Kl]. It encompasses two infinite families (I n ,I*,n > 0) and six exceptional cases 
(II, III, IV, IP, IIP, IV*). And they can be considered as sublattices of the Neron- 
Severi group of Y. 

Given an ellipric surface /: Y — > P 1 , let F v = / _1 (^) denote the fibre over v £ P 1 , 
and let 

Sing(f) = {u £ P 1 ]^ is singular}. 
K = Red(f) = {v £ P 1 !^ is reducible}. 
For each v £ 1Z, let 

rn v — 1 

F v = /~V) = @^,0 + (AM = 1) 

i=l 

where (0 < i < m v — 1) are the irreducible components of F v , m v being their 
number, such that O^o is the unique component of F v meeting the zero section. 
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Lemma 2.7 (cf. [Sh] ) For each v e P 1 , the intersection matrix 

A„ = ((Q v ,i ■ ^u,j))l<i,j<m v -l 

is negative- definite. 

Here we denote by K = KiP 1 ) the function field, 

E(K) = the group of sections of /, 

and 

NS(Y) = the group of divisors on Y modulo algebraic equivalence. 

In general, for a rational elliptic surface Y with a section and with at least one 
singular fibre, there is a unique homomorphism tp of E(K) into the Neron-Severi group 
NS(Y) <g> Q such that tp(P) = (P) mod T Q and tp(P) JL T where T is the subgroup of 
NS(Y) generrated by the zero section O and all the irreducible components of fibres 
(cf. [Sh, Lemma 8.1]). 

Definition 2.8 The pairing 

<P,Q>=-(<p(P)-<p(Q)) 
on the Mordell-Weil group E{K) is called the height pairing, and the lattice 

(E(K)/E(K) tor ,<,>) 
is called the Mordell-Weil Lattice of the elliptic curve E/K or of the elliptic surface 

/.-y — pi. 



Theorem 2.9 (Explicit formula for the height pairing) [30, Theorem 8.6] For any 
P,Q G E(K), we have 

<P,Q>= X + (PO) + (QO) - (PQ) - contr„{P, Q), 
<P,P>=2 X + 2(PO) - contr u (P). 

u£R. 



Remark 2.10 Here x — x(Os), and (PO) is the intersection number of the sections 
(P) and (O), and similarly for (QO),(PQ). The term contr u (P,Q) stands for the 
local contribution at v e it!, which is defined as follows: suppose that (P) interests 
Q Ut i and (Q) intersects Q u ,j- Then we let 

, f (-K^a, « > 1, 7 > 1, 
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where the first one means the (i, j')-entry of the matrix (— A~ r ). Further we set 

contr u (P) = contr u (P, P). 

Arrange 6« = 0^ (i — 0, 1, • • • , m v — 1) so that the simple components are numbered 
as in the figure below. 



1 




e„_i 

e 


e 


i 




e 2 




e 3 




e 

















Figure 2.1 

For the other types of reducible fibres, the numbering is irrelevant. Assume that (P) 
intersects 0„ ; j and (Q) intersect Q u j with % > l,j > 1. Then we have the following 
Table 2.1: the fourth row is for the case i < j (interchange P, Q if necessary). 

Table 2.1 



T~ 

V 


A 1 


P 7 


A 2 


P 6 


A 6 -l 


Db+4 


type of F v 


III 


777* 


7V 


7V* 


h(b > 2) 


I* b (b > 0) 


contr„(P) 


i 

2 


3 
2 


2 
3 


4 
3 


i(b-i) 
6 


f 1, i = l 
11 + !, i> 1 


contr u (P,Q)(i < j) 






1 
3 


2 
3 


i(b~j) 
b 


U < = i 



C. Weierstrass model of elliptic surfaces 

Let / : Y — > C be a relatively minimal elliptic surface with the global section 0, 
and K(Y) and 7\~(C) the function fields of Y and of C respectively. / induces a 
homomorphism /* : K(C) — > K(Y), and K(Y) is a transcendential extension of 
K{C) of transcendence degree one. F is birationaly equivalent to the subscheme Y* 
in Proj(0 © 0(2L) © (9(3L)), which is given by the equation 

V 2 W = 4U 3 - g 2 UW 2 - g 3 W 3 , 

where O is the structure sheaf of C, L a line bundle on C with degL = p g — q + 1, 
^ 2 G 77°(C, 0(4L)) and ^ 3 e H°(C, C(6L)) are the sections with A = g% — 27 g% ^ 0. 

Theorem 2.11 (cf. [Kas] ) Y* is an algebraic surface with rational double points 
as the only singularities. Y is the minimal resolution ofY*. Y* is determined by g 2 , 
#3 up to C*- operation 

(92, g 3 ) — (A 4 £2, A 6 s 3 ), A g C* = C — {0}. 
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g 2 , g 3 satisfy 

(t) A = gl-gl^O, 

(ii) imn(3u p (g 2 ),2u p (g 3 )) < 12 for all p G C, 

where v p (g 2 ) , v p (g 3 ) andv p (A) are the orders of the zeros of g 2 , g 3 and A atp. The 
singular fiber in Y* over p consists of the minimal resolution of the rational double 
point and the rational curve, which is defined by the section O. The type of rational 
double and thereby the type of the singular fibre determines v p (g 2 ), v p (g 3 ) and v p (A). 
Y* is call the Weierstrass model of the elliptic surface. 

3 

The J -invariant of the model is J = ^. 

For the value of v p (g2), v p (g 3 ) and v p (A) of the singular fibre, we refer to [Her]. 

D. Classification of elliptic surfaces with at most 4 singular fibers 

In [Hir], U.Schmickler-Hirzebruch classifies all relatively minimal elliptic fibrations 
Y over the complex projective line P 1 which have at most three singular fibers. There 
are 36 possible combinations of singular fibers (each of the 36 potential representations 
yields different fiber types). Furthermore, U.Schmickler-Hirzebruch exhibits each of 
the 36 combinations of singular fibers on an elliptic surface of the desired type and 
shows that except for the trivial case (I ,I ,I ) and the case (Iq,Iq), the surface 
is determined by the singular fiber types. On the other hand, except for the trivial 
case, those surfaces corresponding to rational or K3 surfaces. There are exactly eleven 
elliptic K3 surfaces with 3 singular fibers (cf. [SZ], [Ye]). Thus we get the following 
theorem. 

Theorem 2.12 Let Y be a rational elliptic surface with at least one and at most 
three singular fibers. Then except for singular fiber type (Iq,Iq), the surface is unique 
up to isomorphisms. 

In [Her], S.Herfurtner studies the elliptic surfaces with four singular fibers and 
nonconstant ^-invariant over P 1 . He also distinguish two sets: 

T+ = {I n (n > 0), //, III, IV} and T~ = {I*(n > 0), IV*, III*, II*}. 

Theorem 2.13 (cf. [Her] ) Let Y — > P 1 be a minimal elliptic surface with section, 
nonconstant J -invariant and four singular fibers, of which at most one is in T~ . 

(i) If one singular fiber is in T~ , three in T + , the Weierstrass model depend on 
a parameter. Given four different base points, in the case {I{ , I\, I\, II), there exists 
four, in the cases (/*, I±, I 2 , II) and {I\, I±, II, IV*), there exist two elliptic surfaces, 
each depending on the J -invariant, and for all other fiber combinations there exists 
precisely one elliptic surface. 

(ii) If all four singular fibers are in T + , then the Weierstrass models are de- 
termined uniquely up to isomorphisms, except for one combination: (Ii, Iq, II, III), 
where there are two nonisomorphic models. 



9 



E. Rational surfaces 



Lemma 2.14 Let Y be a smooth rational surface. Then we have 

(1) Suppose that L is a smooth rational curve with L 2 > 0. Then \L\ is base point 
free and h°(Y,L) = 2 + L 2 . 

(2) Suppose that L is an irreducible curve with p a (L) = 1 and L 2 > 1. Then a 
general member of \L\ is smooth and h°(Y,L) = L 2 + 1. If L 2 > 2, then Bs\L\ = 0. 
If L 2 = 1, then \L\ has exactly one base point. 

Proof. (1) is clear when L 2 = 0. So we assume L 2 > 1. Consider the exact 
sequence below 

— ► O y — > O y {L) — > C P i (L 2 ) — > 0. 

Then, we have h°{Y, L) = 1 + h°{P l , 0{L 2 )) = 1 + [L 2 + 1) = L 2 + 2. 

To see \L\ is base point free, we let a : L\ — > L be the blow-up at q G L with i£ 
the exceptional curve and let V be the proper transform of L. Then L' 2 = L 2 — 1 and 
/i°(L') = L' 2 + 2 = L 2 + l = h°(L)-l. On the other hand, \L'\ = \o*(L)-E\ = \L-q\; 
thus \L\ is base point free for 

h°(L-q) = h°(L)-l. 
(2) Considering the similar exact sequence as in (1) and the equality 
X (0 L (L)) = h°(L, O l {L)) - h\L, O l {L)) = X (O l ) + degO L (L), 

we get 

h°(Y,L) = l + h (L,O L (L)) = l + h°(L,uj L (-L)) + l-p a (L)+L 2 
= 1 + L 2 + h°(L, uj l (—L)) = 1 + L 2 . 

Here uj l is the dualizing sheaf and we have applied Serre duality for L. From this 
precise formula for h°(Y, L) and the similar discussion as in (1), we see that Bs\L\ = 
if L 2 > 2. For the last assertion, see [DZ]. 

3 Reduction to the Rational Elliptic Surfaces 

Before starting the results, we explain our terminology. 

(a) Let V be a projective, normal surface with only rational double points as 
singularities. As usual, ratinal double points are indicated by their Dynkin types A n , 
D n , E 6 , E 7 and E s . When we say V a surface of type 2A 1 + D 6 for example, it means 
that V has 3 singular points, one of which is of type D 6 and the other two are of type 
Ai. We indicate this by writing V(2A 1 + D 6 ). 
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(6) For a log del Pezzo surface V(2Ai+Dq) for example, we denote by U (2Ai+Dq) 
the minimal resolution of V(2Ai + D G ). 

For readers' convenience, we give a short proof of a result in [5] using Kawamata- 
Viehweg Vanishing Theorem which was not available at that time. 

Lemma 3.1 Let U be the minimal resolution of a Gorenstein log del Pezzo surface 
V . Then | — K\j\ has a reduced irreducible member. 

Proof. Note that Kjj is the pull back of Ky and Kfj = K v (cf. [1, 2]). Since —Kjj, 
being the pull back of — Ky, is nef and big, by the Kawamata-Viehweg Vanishing 
theorem, we have H l (U, —Kjj) = (0) (cf. [KMM]). Hence by the Riemann-Roch 
theorem, we get dim | — K v \ = Kfj. Suppose that a member A of | — K v \ contains an 
arithmetic genus > 1 irreducible component A . The Riemann-Roch theorem implies 
that \Aq + K v \ ^ 0. From this and = A + K v = (A + K v ) + (A - A ), we deduce 
that A = A with p a (A ) = 1 and Lemma 3.1 is true. 

Thus we may assume that every member of | — Kjj\ is a union of smooth rational 
curves. The Stein factorization and the fact that q(U) = imply that a general 
member of | — Ku\ is of the form M\ + ■ — h M k + F, where F is the fixed part of the 
linear system, Mi = P 1 , and M { ~ M r 

Now suppose that Kfj = 1. If F = 0, then k = 1 and M\ = 1 and Lemma 3.1 
is true. Since — K v is nef and big, it is 1-connected by a result of C.P.Ramanujam 
(cf. [Reid]). Hence 1 = > (kM 1 + F).kM 1 > 1 + k 2 Mf. Thus = 0, k = 1, 
Mi.F = 1 and Kjj.F = 0. Now intersecting the relation —Kjj ~ M x + F with the 
smooth rational curve Mi of self-intersection 0, one gets a contraction. So Lemma 
3.1 is true when Kfj = 1. 

For Kfj > 2, let Ui — > U be the blow-up of a point on M x - (M 2 + • • • + M k + F). 
then —Ku x is linearly equivalent to the proper transform of M\ + • • • + M k + F and 
hence nef and big. If U\ — > V\ is the contraction of all (— 2)-curves then V\ is a 
Gorenstein log del Pezzo surface. For Ui, we may argue as in the case of U and have 
reduced the proof of Lemma 3.1 to the case Ky = 1, which has been dealt with in 
the previous paragraph. This completes the proof of Lemma 3.1. 

Lemma 3.2 Let U be the minimal resolution of a Picard number one Gorenstein log 
del Pezzo surface V with K v = d where 2 < d < 7. Then we can construct another 
surface Ua-\ which is the minimal resolution of a Picard number one Gorenstein log 
del Pezzo surface V' with K v , = d — 1 . 

Proof. From Lemma 3.1, we may choose an irreducible member of | — Ku\, say A 
and let E d be a (— l)-curve on U. Such a (— l)-curve exists because K v < 7. Then A 
meets E d at a point q. We may choose A general such that E d is the only (— l)-curve 
through q. Let U d -i — > U be the blow-up of q with E^-i the except curve. Then 
—Kjj d _ 1 is linearly equivalent to the proper transform A d ^\ of A. Since > 0, 

the divisor —K Ud l is nef and big. And the curves having intersection with A d _i arc 
precisely the inverse image of the (— 2)-curves on U (contractible to singular points 
on V) and the proper transform E' d of E d . It follows that the contraction of all the 
(— 2)-curves on XJ d -\ gives a Picard number one Gorenstein log del Pezzo surface V. 
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Lemma 3.3 Let V be a Picard number one Gorenstein log del Pezzo surface with 
Ky = 1 and U the minimal resolution of V with D the exceptional divisor. Then 
there exists an extremal rational elliptic surface Y such that g : Y — ► U is the 
blow-down of one (—l)-curve. 

Proof. Since K v is the pull back of K v , we have Kfj = K v = 1, = 10 — p(U), 
p(U) = p(V) + (}(£>) and §(D) = 8. By Lemma 2.14, we know Bs\ - K v \ = {p}. 
Let / : Y — >■ U be the blow-up at p, then with Lemma 2.14, we have 

(1) Y is a rational surface. 

(2) K Y = and | — Ky\ induces an elliptic fibration of Y. 

(3) p(Y) = 10 - K\ = 10. 

(4) By the formula of Shioda (cf. [S]) 

10 = p(Y) = (J(D) + rank MW(Y) + 2, 

we get rank MW(Y) = 0. 

Thus Y is an extremal rational elliptic surface. This proves the lemma. 

Combining Lemmas 3.2 and 3.3, we get the following Theorem 3.4. 

Theorem 3.4 Let V be a Picard number one Gorenstein log del Pezzo surface with 
Ky < 7 and U — > V the minimal resolution . Then there exists an extremal rational 
elliptic surface Y such that f : Y — ► U is a succession of blow downs of some 
{—\)-curves. 

We may generalize the above Theorem 3.4 to the Picard number r (r > 2) Gorenstein 
log del Pezzo surfaces. 

Theorem 3.5 Let V be a Picard number r (r > 2) singular Gorenstein log del Pezzo 
surface and U — ► V the minimal resolution. Then there exists a Mordell-Weil rank 
(r — 1) rational elliptic surface Y such that f : Y — > U is a succession of blow downs 
of some (—l)-curves. 

The definition of the Mordell-Weil rank r rational elliptic surface is given in the 
Secition 2. 

Proof. For simplicity, we only prove Theorem 3.5 for r = 2. The general case 
can be proved in the similar way. 

We let U — ► V be the minimal resolution of a Picard number two Gorenstein log 
del Pezzo surface V with D the exceptional divisor and d := K v > 2. From Lemma 
3.1, we know that | — Kjj\ has a reduced irreducible member. 

Since 10 — K v = p{V) + p{V) = 2 and $(D) > 1 beacuse V is a singular 

surface, we get 10 — K v > 3 and K v < 7. On the other hand, since K v is the pull 
back of K v , Kfj = K v <7. 
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Thus we may choose an irreducible member of | — Ku\ say A and let Ed be a 
(— l)-curve on U. Such a (— l)-curve exists because Ky < 7. Then A meets E d at a 
point q. 

Since > 2, we know | — Kjj\ is base point free by Lemma 2.14. Furthermore 
since the smooth reduced irreducible member of | — Ku | is dense in | — Kjj | and since 
there exists only finitely many (— l)-curves on U (cf. the proof of [6, Lemma 13]), we 
get the following Claim. 

Claim 3.6 We may choose A e | — K v \ such that there doesn't exist another (— 1) 
curve passing through the point q. 

Let Ud-i be the blow-up of q with Ed-i the exceptional curve and E' d the proper 
transform of E d . Then by the similar discussion as Lemma 3.2, we know that Ud-i is 
the minimal resolution of a Gorenstein log del Pezzo surface V with K v , = d — 1. 

Claim 3.7 p(V) = 2. 

Proof of the Claim. It is clearly that p(V) < 2. Thus to prove the Claim, we 
need to show that p(V) ^ 1. Suppose p(V) = 1. Then from the above construction, 
we know that there must exist a curve C on U such that C 2 > and mult p C > 2 
and the proper transform C of C in U d -i is an (— 2)-curve. Thus we have O .E d -\ = 
multpC = m > 2, E' d .Ed-\ = 1 where C and E' d are (— 2)-curves. 

Now we pay attention to the set / = {E' d , E d -i,C'} in U d -i- Clearly we may do 
the same operation (blow-up) on U^-i as before and finally get an rational elliptic 
surface Y. Since C and E' d are already (— 2)-curves we will keep the same symbols 
in Y and let E' be the proper transform of E d _ x - To prove the Claim, we need to 
consider two cases. 

1. E' is an (— l)-curve. 

In this case and from the elliptic fibration of Y, we see that C and E' d will be 
in two different elliptic fibers and E 1 is a section of Y which is a contradiction since 
C'.E' = C.E d _ x > 2 . 

2. E' is an (— 2)-curve. 

In this case we see that E' d , E' and C will be in one elliptic fiber. We also get a 
contracdiction since C'.E' > 2 and we can't find an elliptic fiber contains C and E'. 

Thus we prove the Claim. We note that the above proof can easily be generalized 
to prove the general case. 

Continue this process. Since = d — 1 < K^, this process must stop at the 

(d — l)-th step. Thus, we obtain a surface U\ which is the minimal resolution of the 
Picard number two Gorenstein log del Pezzo surface V\ with = 1. On U\ we 
can not do the above process again. But since = 1, | — Ku x \ has exactly one 
base point q by Lemma 2.14. Blowing up q will give rise to a Mordell-Weil rank one 
rational elliptic surface Y as in Lemma 3.3. Thus Theorem 3.5 is proved. 

Remark 3.8 From Theorems 3.4 and 3.5, together with [OS] and [P], we may classify 
all singularity types of the Gorenstein log del Pezzo surfaces. 
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Question 3.9 From the proofs of Theorems 3.4 and 3.5, it is natural for us to ask 
the converse question: If U — > V is the minimal resolution of a Picard number 
one (resp. Picard number r > 2) Gorenstein log del Pezzo surface V . Let E be a 
(-l)-curve on U and : U — ► U' the blow-down of E, then could U' be a minimal 
resoultion of a Picard number one (resp. Picard number r > 2) Gorenstein log del 
Pezzo surface V? 

Lemma 3.10 Let the notation be the same as in Question 3.9. Let f : U — > U' 
be the blow-down of a (-l)-curve E and D the exceptional divisor of the minimal 
resolution U — > V . Let U' — ► V be the contraction of all (—2)-curves and let D' 
be the exceptional divisor. Then 

(1) V is a Gorenstein log del Pezzo surface. 

(2) If D.E = 1, piV') = piV). The converse is also true. 

Proof. We fix a nonsingular member A e | — Ku\, the existence of which is proven 
in [D] . We also let A' = f m (A). Then A' e | - K w \ and (A' 2 ) > (A 2 ) > I. Since 
—Kjj is nef and big, so is —Kjji. To vertify (1), we have only to show that —Kyi is 
ample. In other words, for every curve C on U' with (—Kjj/,C) = 0, we must show 
that C < D' . Since —K V i is nef and big, by Hodge Index Theorem, we get C 2 < 0. 
On the other hand, 

2p a {C) -2 = C 2 + C.Ku> = C 2 < 0. 
Thus we have p a (C) = and so C = P\ C 2 = -2 and C < D'. (1) is proved. 

(2) Since E.D = 1, we have K%, = + 1 and $(D) = ft(D') + I. Thus the 
first part in the assertion (2) follows from the relations = Ky = 10 — p(U), 
K 2 , = K 2 , = 10 - p(U'), p(U) = p(V) + tt(,D)and p(U') = p{V) + ${D>). The 
converse part is clear from the above discussion. 

We will call a (— l)-curve which satisfies the part (2) of Lemma 3.10 a Nice Exceptional 
Curve or simply an NEC. 

4 Complete Classification of the Picard number 
one Gorenstein log del Pezzo Surfaces 

We shall prove Theorem 1.2 in the present section. 

Let V be a Picard number one Gorenstein log del Pezzo surfaces and g : U — > V a 
minimal resolution of singularities. Then K]j = Ky > 0, | — nKy\ ^ <fi for n > and 
U is a rational surface. Hence K^ + p(U) = 10. This implies that 1 < Kfj < 9. We 
observe: 

(i) If Kfj = 9, then V is smooth and isomorphic to P 2 . 



14 



(ii) If Ky = 8, then U is the Hirzebruch surface S 2 and V is obtained by contract- 
ing the (— 2)-curve to an Ai-singularity. In this case V is isomorphic to the quadric 
cone Q := {X 2 + Y 2 + Z 2 = 0} in P 3 . 

Lemma 4.1 K 2 , ^ 7. 

Proof. Assume the contrary, i.e., K v = 7. In this case U is obtained from a 
Hirzebruch surface S n by one blow-up with E the exceptional curve. Let S be a 
curve on £„ with self-intersection — n and L a fibre of the P 1 -fibration on E n . We 
may assume that the blow-up point p G L. We have K^ n ~ — 2S — (2 + n)L. 

lip £ S, then ~ —25*— (2 + n)L' — (l + n)E, where V is the proper transform 
of L. Clearly, U contains a (— 2)-curve different from S, say C. Since K\j.C = 0, the 
curve C is disjoint from 5, V and i?. This is impossible. 

lip E S, then If^/ ~ — 2S' — (2 + n)L' — (3 + n)£" where 5" is the proper transform 
of S. Again there is a (— 2)-curve different from S. Thus we get a contradiction as 
above. This completes the proof of the lemma. 

In the rest of this section, we assume 1 < Ky < 6. 
We start with K v = 1. 

From Lemma 3.3, we know that if U is the minimal resolution of a Picard number 
one Gorenstein log del Pezzo surface V, then every NEC on U comes from either 
the (— l)-curve on an extremal rational elliptic surface Y or the (— 2)-curve which 
intersects with the exceptional curve of the blow-down Y — > U . The (— l)-curves 
on Y are the sections of the elliptic fibration and form the Mordell-Weil group of the 
elliptic fibration Y — >■ P 1 . 

From [MP], we get a complete list of the extremal rational elliptic surfaces Y 
which are listed in Table 4.1. For convenience, we label the surfaces. By contracting 
the zero section O in MW(Y), we get a surface U which is the minimal resolution of 
a Picard number one Gorenstein log del Pezzo surface V with K v = 1. By a surface 
Uj, we mean that it is the blow-down of some (— l)-curves from the Noi extremal 
rational elliptic surface and K 2 = j. We let n be the number of the NEC on U±. 



Table 4.1 



B 


Y 




n 


B 


Y 




n 


l 


II, II* 




1 


9 


I*, h, h 


U?(D 5 + A 3 ) 


1 


2 


III, III* 




1 


10 


hi hi h 


Ul°(D 6 + 2A 1 ) 


1 


3 


IV, IV* 


Uf(A 2 + E 6 ) 


1 


11 


hi hi hi h 


Ul\A 8 ) 


2 


4 


r* r* 


U?(2D 4 ) 


2 


12 


hi hi hi h 


Ul 2 (A 7 + A l ) 


1 


5 


H*,h,h 


mm 


1 


13 


hi hi hi h 


Ul 3 (2A 4 ) 





6 


III\h,h 


U^Ej + A,) 


1 


14 


hi hi hi h 


Ul%A 5 + A 2 + A 1 ) 





7 


iv*,h,h 


Ul(E 6 + A 2 ) 


1 


15 


hi hi hi h 


U\\2A l + 2A 3 ) 





8 


III h, h 


UKDs) 


2 


16 


hi hi hi h 


Ui\AA 2 ) 
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From the proof of Lemma 3.3, we know there is a one to one correspondence 
between the Noi extremal rational elliptic surfaces Y and U{. On the other hand, for 
every % ^ 4, there is only one isomorphism class of the Noi extremal rational elliptic 
surface (cf. [MP, Theorem 5.4]). The extremal rational elliptic surfaces of No. 4, i.e., 
with singular fibers (7q,/q), are parameterized by j G C [ibid.]. Thus we get the 
following lemma: 

Lemma 4.2 Let V be the Picard number one Gorenstein log del Pezzo surface with 
Ky = 1. Then the singularity type ofV, the number m of the isomorphism class with 
the given singularity type are listed in Table 4.2. 



Table 4.2 



Dynkin type of V 


m 


Dynkin type of V 


m 


E 8 


2 


As 


1 


A l + E 7 


2 


A\ + A 7 


1 


A 2 + E 6 


2 


2A 4 


1 


2D 4 


oo 


A 1 + A 2 + A 5 


1 


D 8 


1 


2A 1 + 2A 3 


1 


A 3 + D 5 


1 


AA 2 


1 


2A 1 + As 


1 







Next we consider K v = 2. 

By blowing down an NEC on ^ which is listed in Table 4.3, we get a surface 
U 2 which is the minimal resolution of a Picard number one Gorenstein log del Pezzo 
surface V 2 . They are listed in the following table where we let n be number of the 
NECs on U 2 . 



Table 4.3 





u 2 


n 


u, 


u 2 


n 


Ul(E 8 ) 


U 2 l (E 7 ) 


1 


U?(D 8 ) 


U»(A 1 + D 6 ) 


1 


U^A. + Er) 


U'i(A 1 + D 6 ) 


1 




U$(A 7 ) 


2 


Uf(A 2 + E 6 ) 


U$(A 2 + E 5 ) 


1 


Uf(A 3 + D 5 ) 


U$(A 1 + 2A 3 ) 





Uf(2D 4 ) 


£/ 2 4 (3Ai + D A ) 





Ul°(2A 1 + D 6 ) 


U 2 °(3Ai + D 4 ) 







um) 


1 


Ui L (A 8 ) 


U?(A 2 + A 5 ) 


1 


U^(A 1 + E 7 ) 


Ul(A 1 + As) 


1 


Ul 2 (A 1 + A 7 ) 


U?(A 1 + 2A 3 ) 





Ul(A 2 + E 6 ) 


Ul{A 2 + A b ) 


1 













Remark 4.3 (2) In the following discussion, the Figure i (i — 1,2,3,4) are listed 
in the configurations of Appendix. 

(ii) To see U 2 n (A 2 + A 5 ) also doesn't depend on the choice of the blow-down curve 
Ei(i = 1,2) on U\ 1 {A 8 ) (cf. Figure 2), we look at the No.ll extremal rational elliptic 
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surface Y (cf. Table 2). A simple calculation shows that the Mordell-Weil group of 
Y is Z/3Z and there are three sections E ,Ei and E 2 (cf. Figure 2). The section E\ 
defines an automorphism gofY such that g(E ) = E\, g[E\) = E 2 and g(E 2 ) = E . 
For simplicity, we denote by bdi the blow-down of the E; L [i = 0, 1, 2). Then 

bd 2 (Ul 1 (A 8 )) = bd 2 o bd (Y) bd o bd x {Y) bd 1 o bd (Y) = bd^Ul 1 (A 8 )) . 

Claim 4.4 U%(E 7 ) = U%(E 7 ). 
Proof. For simplicity, we let 

U^UKEs), V^V^Es), U 2 = U 2 \E 7 ), V 2 = V 2 \E 7 ), 
Ui = U?(E 8 ), V{ = V*{E % ), U^ = Ul(E 7 ), V 2 ' = Vi{E 7 ). 

By the construction of U 2 , U 2 , there is a unique (— l)-curve E 2 on U 2 . To prove 
U 2 = U 2 , we only need to show that | — Ku 2 \ has a cuspidal member A which is the 
image of the type 77 fiber and also a nodal member A'; in fact if U\ — > U 2 (resp. 
U[ -> U 2 ) is the blow-up of q = AnE 2 (resp. q' = A'nE 2 ) then \ -K U2 \ (resp.|-^|) 
has a cuspidal (resp. nodal) member, whence 

U 2 = (the blow — down of the unique (—1) — curve on ) = U 2 . 

We let Y (resp. Y') be the extremal rational elliptic surface with singular fiber type 
II*, II (resp. IPJiJi). There is a composition Y — ► P 2 (resp. Y' — >■ P 2 ) of 
blow-down of the section E and all components in the type II* fiber except for a 
multiplicity-3 component C 3 . 

Clearly the above birational morphism Y — ► P 2 factors as Y — ► U 2 — >■ P 2 , 
where Y — >■ U 2 is the blow-down of E and the multiplicity-1 component C\ of II*. 

Thus the existence of A, A' on U 2 is equivalent to the existence of a cuspidal 
cubic B (the image of the type // fibre) and a nodal cubic B' on P 2 with a common 
inflex (the image of the multiplicity-3 component C' 3 in the type II* fibre) defined by 
Z = 0, with local intersection I(B,B'; [0,1,0]) = 7 at the inflex point [0, 1,0], W e 
may assume that B = {Y 2 Z = X 3 } and just let B' = {Y 2 Z = X 3 + XZ 2 + ^-4/27}. 
This completes the proof of the Claim. 

Claim 4.5 (1) U^{A l + D 6 ) = Ul(A 1 + D 6 ) = Ul(A 1 + D 6 ) (cf. Figure 1). 

(2) U$(A 2 + As) = U 7 2 (A 2 + Ag) = U^(A 2 + A 5 ) (cf. Figure 2). 

(3) [/ 2 4 (3A! + D 4 ) r7 2 10 (3A! + 7J 4 ) (cf. Figure 3). 

(4) Ul(A 1 + 2A 3 ) ^ U 2 12 (A 1 + 2A 3 ) (cf. Figure 4). 

Proof. (1) From the construction of U 2 (Ai + Dq), there is an NEC E 2 on U 2 (Ai + 
D 6 ) and there is a smooth rational curve L and L 2 = such that Lf] E 2 = {p}. On 
the other hand, by Lemma 2.14, we know that \L\ is base point free and defines a 
P 1 -fibration. We choose a general member L 1 of \L\, and let {q} = Li HE 2 . It is easy 
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to see that Uf(Ai + E 7 ) is the blow-up of 17$ (Ai + D 6 ) at point p and Uf(Ai + E 7 ) 
is the blow-up of U 2 (Ai + -De) at point g. Thus 

E/f(Ai + £> 6 ) = ( the blow - down of the uniqe NEC on U^(A l +E 7 )) = E/f(Ai + £> 6 ) 

On the other hand, blowing up at point r in U 2 (A 1 + D 6 ) will produce Uf(D$), and 
there is unique way from Uf(D 8 ) to £/f (A + D 6 ). Thus 

Ul(Ai + D 6 ) = f/ 2 8 (Ai + De). 

By the similar argument as (1), we may prove (2), (4). 

(3) Since U\ Q {2A 1 + D 6 ) is unique and there is only one NEC on U\°(2A l + D 6 ), 
we know U$(3A l + D 4 ) is unique and 

U^A X + D A ) = C/ 2 10 (3^i + D 4 ). 

This proves the Claim. 

Since Tj{ = Iff, if and only if V/ = Vj , we get the following lemma: 

Lemma 4.6 Let V be the Picard number one Gorenstein log del Pezzo surface with 
Ky = 2. Then the singularity type ofV is one of the following: 

E 7 , A 7 , A x + As, Ai + 2A 3 , A 2 + A 5 , 3A ± + D 4 . 

Furthermore, V is uniquely determined by its singularity type. 

Next we deal with K v = 3. 

By blowing down an NEC on U2 which is listed in Table 4.4, we get a surface 
U3 which is the minimal resolution of a Picard number one Gorenstein log del Pezzo 
surface V 3 . They are listed in the following table where we let n be the number of 
the NEC on U 3 . 



Table 4.4 



u 2 


U 3 


n 


u 2 


U 3 


n 


Ul{E 7 ) 


u 3 L m 


1 


Ut(A 2 + A 5 ) 


Ul(3A 2 ) 





U^(A 1 + D 6 ) 


UKAx + A.) 


1 


U«{A 7 ) 


U»(A 1 + A 5 ) 


1 



Remark 4.7 (i) There are two NECs, E' and E[ on C/|(A 7 ) (cf. Figure I). To 
see U^(Ai + A 5 ) doesn't depend on the choice of the blow-down of the E[ on U^iA-j) 
where i — 1,2, we look at the No. 8 extremal rational elliptic surface Y (cf. Table 2). 
A direct calculation shows that the Mordell-Weil group of Y is Z/2Z and there are 
two sections E , E\ (cf. Figure 1). The section E\ define an automorphism g of Y 
which interchanges Eq and E\. And this g will induce an automorphism of U 2 (A 7 ) 
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which interchanges E[ (i — 0, 1 ). Thus blowing down E or E\ will produce the same 
surface. 

(ii) By the similar argument as in Claim 4.5, we have 

Ul(A 1 + As) C/|(Ai + A 5 ) (cf.Figure 1). 
Thus we have the following lemma: 

Lemma 4.8 Let V be the Picard number one Gorenstein log del Pezzo surface with 
Ky = 3. Then the singularity type ofV is one of the following: 

E 6 ,3A 2 ,A 1 + A 5 . 

V is uniquely determined by its singularity type. 

Finally we deal with 4 < K v < 6. 

By blowing down an NEC on U 3 which is listed in Table 4.5, we get a surface 
U4 which is the minimal resolution of a Picard number one Gorenstein log del Pezzo 
surface V4. 



Table 4.5 



u 3 


u 4 


n 




Ul(D 5 ) 


1 


UKA. + A,) 


Uf{2A l + A 3 ) 






Lemma 4.9 Let V be the Picard number one Gorenstein log del Pezzo surface with 
Ky = 4. Then the singularity type ofV is one of the following: 

Ds^A^Az 

Furthermore, V is uniquely determined by its singularity type. 

By blowing down the unique NEC on U\(D§), we get Ul{A^) and so the Picard 
number one Gorenstein log del Pezzo surface V{A i ). Then blowing down the unique 
NEC on Ul{A A ), we get U{A 1 + A 2 ) with ${NEC on U{A 1 + A 2 )} = 0, and so the 
Picard number one Gorenstein log del Pezzo surface V(A 1 + A 2 ). 

Combining Lemmas 4.2, 4.6, 4.8, 4.9 and the above discussion, we prove Theorem 

1.2. 
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5 Complete classification of the Picard number 
two relatively minimal Gorenstein log del Pezzo 
Surfaces 

We shall prove Theorems 1.5 and 1.6 in the present section. 

Let V be a Picard number two Gorenstein log del Pezzo surface and g : U — > 
V a minimal resolution of singularities. We also denote by D := (? _1 (Singy) the 
exceptional divisor. 

We start with K v = I. 

From Theorem 3.5,we know that any rational surface U which is the minimal resolu- 
tion of a Picard number two Gorenstein log del Pezzo surface V with K v = 1 comes 
from the Mordell-Weil rank one rational elliptic surface Y . Meanwhile, every NEC 
on U comes from either the (— l)-curve on Y or the (— 2)-curve which intersects the 
NEC of the blow-down Y — > U . The (— l)-curves on Y are the sections of the elliptic 
fibration and form the Mordell-Weil group of the elliptic fibration Y — > P 1 . 

From [M], [OS] and [P], we get a complete list of the Mordell-Weil rank one rational 
elliptic surfaces Y and its Mordell-Weil group. By contracting the zero section O in 
MW(Y), we get a surface XJ\ which is the minimal resolution of a Picard number 
two Gorenstein log del Pezzo surfaces V with K v = 1. For convenience, we label the 
surfaces which are listed in Table 1 of Appendix. By a surface C/j, we mean that it 
is the smooth blow-down of some (— l)-curves from the Noi Mordell-Weil rank one 
rational elliptic surface and K 2 = j. Thus we get the following lemma. 

Lemma 5.1 Let V be the Picard number two Gorenstein log del Pezzo surface with 
K v = 1. Then there exist 18 singularity types which are listed in Table 5.1. 



Table 5.1 



E 7 


D 5 + A 2 


A 7 


A± + A 3 


2A 3 + A l 


E 6 + A 1 


D 5 + 2A l 


Ai+Aq 


A 4 + A 2 + A l 


3A 2 + A 1 


D 7 


D 4 + A 3 


A 5 + A 2 


A 3 + A 2 + 2A 1 




D 6 + A 1 


D A + 3A 1 


A 5 + 2A 1 


A 3 + AA 1 





In order to find out the list of all Picard number two relatively minimal Gorenstein 
log del Pezzo surfaces, we need to exclude the surfaces on which there is a (— l)-curve 
E and a connected component R of D (R may be zero) such that E + R is a linear 
chain and E + R is a connected component of E + D (cf. Table 1 of Appendix). In 
fact we have the following lemma: 

Lemma 5.2 None of U{ (7 < i < 38) is the minimal resolution of a Picard number 
two relatively minimal Gorenstein log del Pezzo surface. 
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Proof. We verify the above assertions by checking each case separately. To exhibit 
our arguments, we treat only No. 12 and No. 24, i.e., Ul 2 (2A 3 + Ai) and U 24 (3A 2 + A 1 ) 
respectively. The other cases can be treated similarly. We also write out the linear 
chain exists in the corresponging surface in Table 1 of the Appedenix. 

(1) UP(2A 3 + A 1 ). 

The Mordell-Weil group of the No. 12 Mordell-Weil rank one rational elliptic surface 
Y (with fibre type 27 4 , I 2) 2I\) is AJ©Z/4Z where A\ is the rank one lattice generated 
by an element e such that < e, e >= 1/2. We let P be the generator of the lattice A\ 
and Q the generator of the torsion part of the Mordell-Weil group, i.e., Z/4Z. A direct 
calculation shows that there is one element in the set {P 2 , P 2 + Q, P 2 + 2Q, P 2 + 3Q} 
where P 2 := 2P, say P 2 , passing through the 0-th components of the singular fibres 
2I 4 ,I 2 and (P 2 0) = 0. Since U\ 2 (2A 3 + A\) is the blow-down of the zero section 

of Y, the image of P 2 will be the (— l)-curve disjoint from D = 2A 3 + Ai. Thus 
U\ 2 (2A 3 -\- A\) is not the minimal resolution of a Picard number two relatively minimal 
Gorenstein log del Pezzo surface. 

(2) U 2 \3A 2 + A l ). 

To start with, we let P be the generator of the rank 1 lattice < 1/6 >. Firstly we 
need to find out all the (— l)-curves on U 2A (3A 2 + Ai). Since we blow down the zero 
section O on the No. 24 Mordell-Weil rank one rational elliptic surface with the fibre 
type (3/3,12, h), the section P rn := mP (m G Z) which intersects O will not be a 
(— l)-curves on Ul A {3A 2 + A ± ) again. Thus we get the following claim: 

Claim 5.3 A (—l)-curve on U\ is either the image of the zero component of the 
singular fibre or the image of the section disjoint from the O. 

Suppose (PO) = 0. Then from m 2 /6 =< P m , P m >= 2 X +2(P m O)-EueRContr u (P m ) = 
2 — J2i/eR con t r ^(fm) < 2, we get m 2 < 12 and \m\ < 3. Conversely, a simple calcu- 
lation shows that (P3O) = and P3 only passes through the 1-st component of I 2 . 
Thus P3 + A\ will form a linear chain required. 

By a similar discussion as in Lemma 4.2, we know there is a one to one correspon- 
dence between No.i Mordell-Weil rank one rational elliptic surfaces and U[, where 

1 < % < 6. Thus finding the number of the isomorphism classes of the relatively min- 
imal Dynkin type on Ky = 1 is equivalent to finding the number of the isomorphism 
classes of the rational elliptic surfaces with the corresponding singular fibre type. 

Remark 5.4 (1) Prom [Hir] or Theorem 2.12 , we know the Nos.l and A Mordell- 
Weil rank one rational elliptic surfaces are unique up to isomorphism, i.e., are deter- 
mined by the singular fibre types. 

(2) From [Her] or Theorem 2.13, we know that the number of the isomorphism 
classes of each of the Nos. 2, 5 and 6 Mordell-Weil rank one rational elliptic surfaces 
is infinity. In fact, the isomorphism classes depend on a single parameter. 
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Lemma 5.5 The No.3 Mordell-Weil rank one rational elliptic surface S is uniquely 
determined by its singular fibre type (I4, I 2 , h, h, h), up to isomorphisms. 

Proof. To see the uniqueness of S, we need to calculate the polynomial g 2 , g 3 
and A in the homogeneous coordinates (X, Y) of P 1 where g 2 , #3 are the sections 
which determine the Weierstrass model of S (cf. Theorem 2.11). For simplicity, we 
let G 2 = g 2 and G 3 = 3^3- Then A = G\ - G\. 

The orders v v of zeros for the fibre type (J 4 , I 2 , I 2 , h, h) (cf. [Her]) have to be: 

Table 5.2 



V 


v P {G 2 ) 


MG3) 


v p (A) 


Pi 








4 


P2 








2 


P3 








2 


P4 








2 


P5 








2 


sum 








12 



Therefore 

- A 2 = A = Gl - G 2 3 

with A, G 3 E H°(P\ 0(6L)) where degL = p g - q + 1 
surface. Thus (1) is equivalent to 

G 3 2 = G 2 3 -A 2 = (G 3 -A)(G 3 + A). 

It follows from Table 5.2 that G 2 , G 3 and A are relatively prime. We let 

Hf = G 3 - A and Hi = G 3 + A 

It is easy to see that Hi, H 2 G i/°(P 1 , 0(2L)) and they are relatively prime. Thus 

-A = l -{Hl - Hi) = - H 2 )( V 2 H 2 - r)Hi)(r)H 2 - rj 2 ^) 

where 77 = e^ 1 . By (1), A has one double zero at pi and four single zeros at pi where 
i = 2,3,4,5. Let 

J\ := Hi — H 2 
J 2 := r] 2 H 2 - rjHi 
J 3 := r)H 2 -r) 2 Hi 

with Jj G H°(P 1 , 0(2L)), i = 1, 2, 3. Similarly, J 1; J 2 and J 3 are relatively prime. 

It can be assumed that double point of A is that of J 2 at pi = 0, two of the four 
single zeros of A are that of J 3 at p 2 = 00 and p 3 = 1. Therefore we may write 



(1) 

= 1 since S is a rational 
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J 2 = X 2 and J 3 = Y(X -Y). It follows 



Ji = x 2 + xr-r 2 



# i = 
h 2 = 

A = 



1 



l — i] 
1 

i 



(x 2 - t^xf + ^r 2 ) 

(??X 2 -XY + Y 2 ) 



— -{Y 2 -XY - X 2 ) ■ X 2 ■ Y(X - Y) 
2 



and 



G 2 = 
G 3 = 

A = 



Hi ■ H 2 
Hf + A 

-hj 2 -XY - X 2 ) 2 • X 4 • F 2 (X - Y) 2 

This proves the lemma. 

Thus we get the following lemma (cf. the proof of Lemma 3.3): 

Lemma 5.6 Let V be a Picard number two relatively minimal Gorenstein log del 
Pezzo surface with Ky = 1 . Then the singularity type of V and the number m of the 
isomorphism classes of the given singularity type are listed in Table 5.3. 

Table 5.3 



Dynkin type of V 


m 


Dynkin type of V 


m 


D 7 


oo 


D 5 + 2Ai 


oo 


A 3 + 4Ai 


1 


D A + A 3 


oo 



Next we deal with K v = 2. 

By blowing down an NEC on Ui, we get a surface U 2 which is the minimal reso- 
lution of the Picard number two Gorenstein log del Pezzo surface V with K v = 2. 

Theorem 5.7 Let V be the Picard number two Gorenstein log del Pezzo surface with 

K 2 y = 2. 

(1) There exist 12 singularity types which are listed in the following: E 6 , _D 4 + 2Ai, 
A A + A 2 , A 3 + 3A 1} D 6 , A 6 , 2A 3 , 3A 2 , D 5 + A 1} A 5 + A 1} A 3 + A 2 + A 1} 6A ± . 

(2) If V is a relatively minimal surface, then the singularity type of V and the number 
m of the isomorphism classes with the given singularity type are listed in Table 5.4. 

Table 5.4 



Dynkin type of V 


m 


Dynkin type of V 


m 




oo 


D 4 + 2Ai 


1 


6A t 


1 


2A 3 


oo 
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Proof. The singularity types and the relatively minimal singularity types can be 
found by a direct calculation together with the definition of the relatively minimal 
surfaces (cf. Definition 2.1). For the details, we refer to Table 3 of Appendix. 

Now we shall deal with the number of isomorphism classes with the given relatively 
minimal singularity type separately. Firstly, we prove the following lemma. 

Lemma 5.8 The number of the isomorphism classes of the Picard number two Goren- 
stein log del Pezzo surface with the singularity type D 6 is infinity. 

Proof. We let U be the minimal resolution of V. By Table 3 of Appendix, there are 
four possibilities for U: start from No.l (2, 7 or 8) Mordell-Weil rank one rational 
elliptic surface. Since each of these surfaces has at least one type I± fibre, we have 

Claim 5.9 There exists a reduced irreducible nodal member A e | — K v \. 

From the configuration of the negative curves in U which is listed below, we know 
there are three (— l)-curves: li, l 2 and l 3 . 




G5 G4 Gq 



U 

Figure 5.1 

Claim 5.10 There exists an automorphism on U which interchanges li and l 2 . 

Proof of the claim. Let W — > U be the blow up of p = An/3. It is easy to see that W 
is a surface which is the minimal resolution of the Picard number two Gorenstein log 
del Pezzo surface with the singularity type E 7 . Thus W is either Uj(E 7 ) or Uf(E 7 ) 
and the proper transform of li (i=l,2) intersects the 1st component of E 7 . From 
Table 2 of Appendix, we know that li (i=l,2) comes from the Mordell-Weil section 
Pi or P_i of the No. 7 or 8 Mordell-Weil rank one rational elliptic surface where Pi 
is the generator of the rank one Mordell-Weil lattice A\. In any case, we may define 
an automorphism $ on No. 7 (No. 8) Mordell-Weil rank one rational elliptic surface 
which is the involution on a general fibre. Then $(Pi) = P_i and $ will induce an 
automorphism on U which interchanges l\ and l 2 . This proves the claim. 

Let U — >■ P 2 be the composition of blowing down of l 3 + G 2 + G 6 + G 3 , l± + G\ + G 4 
to p, q respectively where Gi (i — 1, • • • , 6) is the component of P 6 (cf. Figure 5.1). 
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Figure 5.2 



From the above construction and Claim 5.10, we know that U is uniquely determined 
by a pair M = (S, C,p) where S = P 2 , C is a nodal cubic curve on S and p is a point 
of C which is neither a singular point of C nor an inflex of C. An automorphism 
of U will induce an isomorphism on M = (S,C,p) by making use of Claim 5.10 if 
necessary. In order to prove the lemma, we have only to show that there exist infinitly 
many isomorphism classes of such pairs. 

Before stating the next result, we employ the following notation. 
S = P 2 with coordinates X,Y and Z. 
C = {[X : Y : Z]\Y 2 Z = X 2 (X + Z)}. 
S' = P 2 with coordinates X',Y' and Z'. 
C = {[X' : Y' : Z']\Y' 2 Z' = X' 2 {X' + Z')}. 

Claim 5.11 If $ : S — > S' is an isomorphism such that $(C) = C , then either 
$([X :Y:Z]) = [X' : V : Z'\ or $([X :Y:Z]) — [X 1 : —Y' : Z'\. 

Proof of the claim. Clearly, $ is linear map. We set: 



/ X' \ 






( On 


Ol2 


Ol3 


Y< 


- 


['■)- 






^23 


V z' ) 




{ z ) 


V °31 


3 2 


^33 



/ 






( X 








Y 


V 


zj 




{ z 



Then detA ^ 0. Since $(C) = C", we have 

$([0 : : 1]) = [0 : : 1] and $([1 : : -1]) = [1:0: -1]. 
From the above equalities, we may set 

a 33 = 1, an = 1 - a 31 , a 13 = a 23 = a 2 i = 0. 
For simplicity, we denote a 12 = a, a 22 = b, a 32 = c and an = d. Thus we have 

X' = dX + aY, Y' = bY, Z' = (1 - d)X + cY + Z. 
Substituting above equalities to Y' 2 Z' = X' 2 [X' + Z'), we get 

(bY) 2 ■ ((1 - d)X + cY + Z) = (dX + aY) 2 ■ (X + aY + cY + Z). 



(2) 
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(2) is hold for all [X : Y : Z] G C. On the other hand, if [X : Y : Z] G C, then 
[X : — Y : Z\ G C, thus we also have 

{bYf ■ ((1 - d)X -cY + Z) = (dX - aYf ■ (X - aY - cY + Z). (3) 

From (2) + (3), we may get 

b 2 Y 2 [(l -d)X + Z] = (X + Z)(d 2 X 2 + a 2 Y 2 )+2ad(a + c)Y 2 X 

= d 2 Y 2 Z + a 2 Y 2 {X + Z)+ 1ad[a + c)XY 2 . 

So for all [X : Y : Z] G C - {[0 : : 1], [1 : : -1]}, we must have 

b 2 [(l - d)X + Z] = d 2 Z + a 2 (X + Z) + 2ad(a + c)X 

Since we can take Z = 1 and arbitrarily many X, we get 

b 2 = d 2 + a 2 (4) 

b 2 (l -d)=a 2 + 2ad(a + c) (5) 

By (2) - (3), we get 

cb 2 Y 3 = 2adXY(X + Z) + (a + c)d 2 YX 2 + a 2 (a + c)F 3 . 

Since above equality holds for all [X : Y : Z\ e C - {[0 : : 1], [1 : : -1]}, we get 

cb 2 Y 2 = 2adX(X + Z) + (a + c)rf 2 X 2 + a 2 (a + c)F 2 . 

We let g(X, Y, Z) = cb 2 Y 2 - [2adX(X + Z) + (a + c)d 2 X 2 + a 2 (a + c)Y 2 ]. Then we 
know C is included in the closure of the zero set of g. On the other hand, C is an 
irreducible cubic. Thus we know g — and so 

2ad = 0, (6) 

b 2 c = a 2 (a + c). (7) 

By (6), we have a = or d = 0. But detA ^ 0, we see that a and d can't both equal 
to 0. If d — 0, then by (4) and (7), we get a = 0, a contradiction. Thus a = 0. Then 
by (5) and rfetA ^ which implies 6 ^ 0, we have d = 1 and so by (4), b = ±1. This 
proves the claim. 

Let M = (S,C,pi) and Mx = (S,C,p 2 ) where S and C are defined above and 
Pi = [X 1 : Y\ : Zi] and p 2 = [X 2 : V 2 : Z 2 ]. From the above claim, we see that Mi 
and M 2 are not isomorphic if [Xi : Y\ : Zi] ^ [X 2 : ±Y 2 : Z 2 \. Moving p G C, we may 
get infinitely many non-isomorphism classes of the pair (S,C,p) and so the infinite 
many non-ismorphism classes of U. This proves the lemma. 

Next we consider the singularity type 6 Ax. 
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From Table 3 of the Appedenix, there are at most two possibilities for U(Dq): Start 
with either Uf(A 3 + AA X ) or Ul 7 (D A + ZA X ) and blow down an NEC. Since the con- 
figuration of £/f (6A1) and £7 2 17 (6Ai) are the same, we only discuss one of these, say, 
U%(QAi). By Tables 1 and 2 in the Appedenix, we find that blowing up a point on 
Qi or Q 2 will give rise to the surface U\ which is the minimal resolution of a Picard 
number two log del Pezzo surface with singularity type A 3 + 4Ai. By Lemma 5.6, we 
know U 1 = Uf (A 3 + AAi). On the other hand, there is a unique way to blow down 
an NEC on Uf (A 3 + AA X ) to £/f (6Ax), modular an automorphism switching the two 
NECs (as in Claim 5.10). Thus the uniqueness of the surface with the singularity 
type 6v4i is due to the uniqueness of the Picard number two log del Pezzo surface 
with the singularity type A 3 + 4Ai. 

Now we deal with the singularity type D 4 + 2A 1 . 

We let V(D 4 + 2Ai) be the Picard number two Gorenstein log del Pezzo surface with 
the singularity type D 4 + 2A 1 , U(D 4: + 2Ai) the minimal resolution of V(D 4 + 2Ai) and 
D the exceptional divisor. The configuration of D is in the left part of the following 
figure. Blowing up p, q of D will give rise to the No. 9 extremal rational elliptic surface 
Y with the singular fibre type (1^, I4, I\) which is unique up to isomorphisms (cf. [MP, 
Theorem 5.4]). On the other hand, a direct calculation shows that the Mordell-Weil 
group of Y is Z/4Z with the generator Q and Y — > U{D± + 2A\) is the blow-down 
of O and 2Q on Y. 



U(D 4 + 2A 1 ) p / (Il-Ji,h) 




Figure 5.3 



Finally, we look at the singularity type 2A 3 . 

We let V(2A 3 ) be the Picard number two Gorenstein log del Pezzo surface with the 
singularity type 2A 3 , U {2A 3 ) the minimal resolution of V(2A 3 ) and D the exceptional 
divisor. The configuration of D is in the left part of the following figure. 
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Figure 5.4 

We denote 

A = the set of the isomorphism classes of U(2A 3 ). 
B = the set of the extremal rational elliptic surfaces 
with the singular fibre type (Jq,/^). 

We define an surjective map $ : A — > B where $ is the blow-up p and q of 
D. Thus the infinity of the number of the isomorphism classes of U{2A 3 ) is due to 
the infinity of the number of the isomorphism classes of the extremal rational elliptic 
surface with the singular fibre type (Jq,/q) (cf. [MP, Theorem 5.4]). 

We may do the same operation as above to get a surface which is the minimal 
resolution of the Picard number two Gorenstein log del Pezzo surface V with K v > 3. 
For details, we refer to the Table 3 of the Appedenix. 

Lemma 5.12 Let V be the Picard number two Gorenstein log del Pezzo surface with 
K v > 3. Then the singularity type ofV is one of the following listed in Table 5.5. 



Table 5.5 



K 2 


Dynkin type of V 


3 


D 5 , A 5 , A 4 + A 1} A 3 + 2A 1} 2A 2 + A x 


4 


D 4 , A 4 , A 3 + A x , A 2 + 2A U 4A ± 


5 


A 3 , A 2 + Ai 


6 


A 2 , 2A 1 


7 


A, 







Remark 5.13 Let V be a Picard number two Gorenstein log del Pezzo surface and 
U the minimal resolution ofV. 

(1) From a direct calulation, we find that the configurations of the negative curves 
with the same singularity type are the same except for the type A 5 + A\ which has two 
different configurations where one has two NECs (cf. C/|(A 5 + A ± )) and the other has 
three NECs (cf. f/ 2 10 (A 5 + A t ) or U 2 U (A 5 + A ± ) ). 

(2) The configurations of the negative curves of U with Kjj > 3 are listed in the 
Figure 6 of Appendix. From these configurations, it is easy to see that there are only 
two relatively minimal Dynkin types in the above table which are AAi and _D 4 . 
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Lemma 5.14 The Picard number two relatively minimal Gorenstein log del Pezzo 
surface with the singularity type AAi is unique. 

Proof. We let U be the minimal resolution of V(4Ai) and D the exceptional divisor. 
Then the configuation of D is in the left part of the following figure. 




Figure 5.5 

Let U\ : U — ► W be the contraction of l\ and I2 and a 2 : W — > P 1 x P 1 the 
contraction of E\ and E 2 . By changing the coordinates of P 1 x P 1 , we may assume 
<7 2 o o~i(Ei) = Pi = (00, 00) and a 2 o o~\{E 2 ) = p 2 = (0, 0). There is unique way from 
(P 1 x P 1 ,p 1 ,p 2 ) to U. Thus we prove the lemma. 



Lemma 5.15 The Picard number two relatively minimal Gorenstein log del Pezzo 
surface with the singularity type _D 4 is unique. 

Proof. From Figure 6 in Appendix, we know that there is unique way from the 
surface U(D 5 ) which is the minimal resolution of the Picard number two Gorenstein 
log del Pezzo surface with the singularity type -D5 to U{D^). 

Let U(Ai + Dq) — > U(D 5 ) be the blow up at the point p (see Figure 6 of Ap- 
pendix). Then U(Ai + Dq) is the minimal resolution of a Picard number one Goren- 
stein log del Pezzo surface with the singularity type A± + D 6 . On the other hand, 
U(A 1 + D 6 ) is unique by Lemma 4.6 and there is a unique way from U{A X + D 6 ) to 
U(D 5 ). Thus we know U(D 5 ) is unique up to isomorphisms. This proves the lemma. 

Combining Lemma 5.1, Theorem 5.7 and Lemma 5.12, we prove Theorem 1.5. 
Combining Lemmas 5.6, Theorem 5.7, Lemmas 5.14 and 5.15, we prove Theorem 1.6. 

Appendix. List of Configurations and Tables 

Configurations which is used in the proof of Theorem 1.2 

In the following configurations, we exclude the fibres of type I\ or II which does not 
contribute to the calculation of the Mordell-Weil group of the corresponding fibration 
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[Sh]. For simplicity, we only list the (—1) -curves which will be used in the proof of 
Theorem 1.2. 



Stands for a (— 2)-curve 
Stands for a (— l)-curve 



(in, in") 




(/i./a,///*) 



Stands for a curve with self-intersection 0. 

U'}(A 1 + E 7 ) UI(A 1 + D 6 ) 



4 



U$(A! + D 6 ) 



{/°(A 1 + A B ) 



4+ 



(h,h,ii) 

■Eq — [ -Ei- 



U$(A 7 ) 



Figure 1 



I7|(Ai+A B ) uf(2Ai+A 3 ) 



uIHa 8 ) 




U^(A 2 + A 5 ) 




Uf(A 2 + E 6 ) 



> 


\ 





























U^(3A 2 ) 
I \ 

i V — 

7 \ 



UI(A 2 + A 5 ) 



r 



i 



30 



(h,l 3 ,lV) 




U{(A 2 + E 6 ) 



U 7 2 (A 2 + A, > ) 



/ 



Figure 2 



(h, 15,12) 




C/ 1 10 (2A 1 + D 6 ) 





c/ 1 4 (2n 4 ) 



B 2 



C/ 2 10 (3^i + D 4 ) 



4 



t/|(3A! + D 4 ) 



ai,/4,/i) 





(/l,/l,/2,/8) 




Figure 3 



t/?(r> 5 + A 3 ) 



t/|(Ai+2A 3 ) 




C/] 2 ^! +2A 3 ) 





Figure 4 

Configurations of the Singularity types 

(a) The Picard number one Gorenstein log del Pezzo surfaces. 

The following configurations are the figures of the negative curves on U which is the 
minimal resolution of the Picard number one Gorenstein log del Pezzo surface and 
2 < Kl < 7. 
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E 7 Ai + D 6 A 7 




Figure 5 

(6) The Picard number two Gorenstein log del Pezzo surface. 

The following configurations are the figures of the negative curves on U which is the 
minimal resolution of the Picard number two Gorenstein log del Pezzo surface and 
Kl > 3. 




A 4 + A! 



2A 2 + A l 

A 3 + 2Ai 




Figure 6 



Table 1. Mordell-Weil Rank one Rational Elliptic Surfaces 

In the following table, Y — ► U\(D) is the blow-down of the zero section O and 
U\(D) — > V is the minimal resolution of the singularities of V with D the exceptional 
divisor; this map is nothing but the contraction of all (— 2)-curves. The symble (to) 
stands for a rank one lattice ZP with the generator P such that (P, P) = to. We 
also denote P n := nP where n G Z. The A\ indicates the lattice generated by the 
element P such that < P,P >= 1/2. In the last column, E is a (— l)-curve and R is 
a connected component of D such that E + R is a linear chain on U\(D). We can't 
find such a linear chain for the first 6 cases. 
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rj 


Firyrp tvnp on V 


MW(Y) 




E + R on Ui(D) 


1 


IS II L 


< 1/4 > 






2 


P* 3/i 


< 1/4 > 


U?(D 7 ) 




3 


P 4P 


< 1/4 > 6AZ/2Z) 2 






4 


L* PZP P 


< 1/4 > &(Z/2Z) 


774 f£> 1 2 Ail 




5 


p 2/9 l 

± l 1 i ' 1 2i J l 


< 1/4 > &(Z/2Z) 


UfiDc + 2Ail 




6 


In L 2/l 


< 1/4 > ffifZ/2Z) 


UHDa + A A 




7 


J/J* 77 /1 






P9 


8 


JPP, 3/l 






P9 


9 


Is 4/l 


AT ffi (Z/2Z) 


U?(A 7 ) 


P9 


10 


Is iP 2/l 


< 1/8 > 




Pi + A 7 


11 


P 4/l 


< 1/8 > 




P? + A7 


12 


2L P 2L 


AT ffi (Z/4Z) 


U} 2 (2A* + A A 


P9 


13 


1% III L 


A? ffi Z/2Z 


^ 1 V-^D ~ J 


Po 
1 2 


14 


p io 2J1 


AT ffi Z/2Z 




Po 


15 


la IV 2L 


AT ffi Z/3Z 


C/ n 15 CA^ + A9I 


Po 
J 2 


16 


p p 3/1 


AT ffi Z/3Z 


C/i 16 fA^ + A9I 


Po 
2 


17 


Jo 3/9 


AT ffi (Z/2Z) 2 


U} 7 (Da + 3AA 


Po 
1 2 


18 


IV*, J/J, Jl 


< 1/6 > 


C/^f^ + A A 


Pi + At 


19 


/V*, J 2 , iP 


< 1/6 > 


U} 9 (E R + A A 


Pi + At 


20 


/V* Jo 2/l 
- 1 v ) J 2) 1 


< 1/6 > 


w 1 V 1 / 


Pi + Ai 


21 


h Ii III Io 


< 1/12 > 6BZ/2Z 


C/FfAs + A 9 + 2AA 


Pi + A9 


22 


h P 2P L 


< 1/12 > ffiZ/2Z 


U? 2 (Ai + A9 + 2AA 


Pi + A9 


23 


IV 2P Io 


< 1/6 > ffiZ/3Z 


L r ? 3 f3A9 + A A 


Pi + At 


24 


3P Io P 

u± 6i 2)1 


< 1/6 > ffiZ/3Z 


U'^(3Ao + A A 


Pi + At 


25 


P TP/ 2/l 


< 1/14 > 


U? 5 (A R + A A 


Pi + Ar 


26 


P Jo 77 7 


< 1/14 > 


U™(A« + A A 

w 1 V ~ 1 / 


Pi + Ar 


27 


P /9 3/l 


< 1/14 > 


C/F(A R + A A 


Pa + Ar 
-i 4. 1 -fit) 


28 


7* IK 7 


< 1/12 > 


U&(D* + Ao) 

iJ 1 V O ~ y 


Pa + Ao 


29 


7* P // 


< 1/12 > 


U^lD* + Ao) 


Pi + A9 


30 


7* P 2L 

1 1 1 1 il ^ ± 1 


< 1/12 > 




Pi + A9 


31 


P III Io P 


< 1/6 > ffiZ/2Z 


C/FCAs + 2AA 


P? + Ai 


32 


h 2I0 2L 


< 1/6 > ffiZ/2Z 


7732 1 2A1) 


P9 + Ai 


33 


P h II 7 


< 1/20 > 


U? 3 (A A + A A 


P.; + Ai 


34 


hi I A) 3/l 


< 1/20 > 


/7 f 4 (A 4 + A 3 ) 


P 6 + A 4 


35 


hJVJ 2 ,h 


< 1/30 > 


C/ 1 35 (A 4 + A 2 + A 1 ) 


P 6 + A 4 


36 


h,I 3 ,III,h 


< 1/30 > 


/7f(A 4 + A 2 + A 1 ) 


P 6 + A 4 


37 


h,h,h,u 


< 1/30 > 


U'f(A i + A 2 + A 1 ) 


P 6 + A 4 


38 


h) h) h, 2Ii 


< 1/30 > 


U'f{A 4 + A 2 + AA 


P 6 + A 4 







Table 2. Nice Exceptinal Curves on U\ 
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In the following table, we employ the following notation and convention: 



We let Gi, Hi, Jj, Lj and Mj be the i-th component in the corresponding fibres 
F 2 , F 3 P 4 and P5 respectively. The numbering of the singular fibre is defined in the 
following diagrams. For the three types of singular fibres, the 0-th component in a 
fibre intersects the zero section. For the other types, the numbering is natural. The 
components of the singular fibre are numbered as in [Ye]. For a lattice L =< m > 
©Z/fcZ, we let P\ to be the generator of < m > and P n = nP\ where n G Z. If 
Q G Z/kZ, i.e., the torsion part of L, then we denote P n ,Q = P n + Q. (R1R2) is the 
intersection number of the sections R\ and i?2- 



B 


Fibre type 
on Y 


Sections disjoint from 
O on Y 


NECs 
on C/i 


sections which intersects 
NEC on Ui 


1 

2 


£,3/1 


Pi = (2), P_! = (3) 
P ±2 = (1) 


-P±l, -P±2 

Go 


{P±lP T 2) = 1 
(P 2 P_ 2 ) = 1 


3 




Qi = (2,l,l,0,0), 

g 2 = (2,o,o,i,i), 

Q 3 = (0,1,1,1,1), 
Pi = (1,0,1,1,0), 
P liQl = (3,1,0,1,0), 
Pi, Q2 = (3,0,1,0,1), 
Pl,Q 3 = (1,1,0,0,1), 
P_i = (1,0,1,0,1), 
P_ 1)Ql = (3,1,0,0,1), 
P-i, Qa = (3,0,1,1,0), 

P_ 1)Q3 = (1,1,0,1,0), 

P ±2 = (2,0,0,0,0), 

P±2, Ql = (0,1,1,0,0), 

P±2,Q 2 = (0,0, 0,1,1). 




(P 2 P_ 2 ) = 1 
(P±2P^2,Q 1 ) = 2 

(P± 2 P T l) = 1 
(P±2P T l,Q 2 ) = 1 

(P*aP?i, Ql ) = 1 

(-P±2-P T 1,Q 2 ) = 1 

(p± 2 g3) = 1 
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P_ 4 = (0,2,0,0) 
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P 5 = (0,2,1), P 6 = (1,0,0) 




(P±*P*a) = 


: 1 
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h, h, h, 2I\ 


P_ 1 = (4,2,1),P_ 2 = (3,1,0) 




(P±eP T 4) = 


: 1 






P_3 = (2,0,1),P_ 4 = (1,2,0) 




(P± e P+ 5 ) = 


: 2 






P_5 = (0,l,l),P- 6 = (4,0,0) 




(PeP-e) = 


2 







Table 3. The Singularity types of the Picard number two Gorenstein log 
del Pezzo surfaces 

To find out the singularity types of the Picard number two Gorenstein log del Pezzo 



surfaces, we start blowing down the zero-section O of the Mordell-Weil rank one 
rational elliptic surface (cf. Theorem 3.5) and then blow down an NEC (if exists) on 
the resulting surface, and continue this process. The following table indicates the all 
singularity types found by this method. 

In this table, the numbers % in the first column indicates that we start from the No.i 
Mordell-Weil rank one rational elliptic surface (cf. Table 1 of Appendix). Since we 
pay attention to the singularity types, if there are more than one surfaces with the 
same Mordell-Weil group which may produce the same singularity type, then we only 
pick up one of those surfaces. For example, blowing down the zero section of No.l 
and No. 2 Mordell-Weil rank one rational elliptic surfaces will give rise to the same 
singularity type D 7 and the same configuration of the negative curves on the surface; 
thus we may only choose one surface, i.e., the No.l Mordell-Weil rank one rational 
elliptic surface. In the last column of the table, the number m in " Exceptional divisor 
of U\ — > U m " is the largest number m such that U m is the minimal resolution of 
the singularities of the Picard number two Gorenstein log del Pezzo surface. For the 
notation of Pj, Gj, H k and Q, we refer to the Table 2 of Appendix. The suffix n of 
U n singifies that K^ n = n. 

Let's give an example, say, the type D 7 , to explain how to read this table. There are 
five NECs on U\{Dj): P±i, P± 2 and Go (cf. Table 2 of Appendix). Thus there are five 
possibilities to do operation (blowing down) on Ui(D?). But by the symmetry, we 
only need to blow down one of the three NECs: Pi, P 2 or G . Thus blowing down Pi 
(resp. P 2 , or G ) of Ui(D 7 ) will give rise to U 2 (A 6 ) (resp. U 2 (D 6 ) and U 2 (A 1 + D 5 )) 
and the first component of "Exceptional divisor of U\ to U m " in the last column is 
Pi (resp. P 2 , or G ). When we reach U 2 (A 6 ), we may do the similiar operation as on 
E/i(£> 7 ) and get U 3 (A 5 ) and U 3 (A 4 + A ± ). 
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G 2 + G 5 + Gi 




A 


P _L P _L P _L 
-T 2 + -T 3 + P + 

G2 + G\ + G5 


A A + A 1 


A 2 + 2Ai 




9 /I 


A 


P _L C -X- C -X- 

r 2 ~r (J2 ~r 

P 3 + Pi + Gx 




A 2 + A 1 


9 A 
Zl\\ 


A 


-T 2 + ^2 + ^0 + 
G3 + Gq + G4 




A J- A 




A 


P _1_ f _L P _L 

G 5 + Pi + Gi 


A 3 


2A X 


A 1 


P 2 + +G 2 + P 3 + 
Px + G 5 + Gx 


A 2 


A x 


P 2 + +G 2 + P 3 + 
Pi + Gi + G 5 
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Ar J + A 1 


2A 2 + A 1 


A 2 + 2A 1 


A 2 + A 1 


2A 1 


A! 


G + G 3 + P 2 + 

1 ~r O — — I -■- / ' — — f -r a 


A 4 + A- L 


A 2 + 2A 1 


A 2 + A x 


2A l 


A 1 


G + P 2 + G 3 + 

Go + Gk + Ga 


A 3 + A x 


A 2 + A 1 


2A 1 


A! 


G + P 2 + G 2 + 

1 ■ • 1 — — I -■- / < — — ( -r A 

^3 ~ ^6 ~ ^4 


A 4 


A 2 + A 1 


2A X 


A! 


G + P 2 + P_x + 

(7„ + p, + (7-, 


A 3 


A 2 


A! 


G0 + P2 + P-1 + 

P + Gi + G^ 


2A X 


A! 


G + P 2 + 

P 4. Q„ 4. g! 1 


21 
22 


A 3 + A 2 + 
24i 


A 3 + 3Ai 


A 3 + 2A 1 


4Ax 








P 4 + Pi + P 2 


23 
24 


3A 2 + A 1 


3A 2 












P3 


25 
26 
27 


A 6 + A 1 


A 3 + A 2 + 


2A 2 + A 1 


A 2 + 2Ai 


A 2 + A 1 


2A X 


A, 


P 2 + P 4 + Gi+ 
(7„ 4- (7. 4- (7, 




2A 2 + A 1 


A 2 + 2A 1 


A 2 + Ai 


2A l 


A! 


P 4 + P 2 + d+ 


A 4 + A 1 


A 2 + 2A 1 


A 2 + A 1 


2A l 


A! 


P 4 + G 2 + P 2 + 
(7„ 4- (7. 4- (7, 


A 3 + Ai 


A 2 + Ai 


2A 1 


A! 


P 4 + Gi + G 2 + 


A 4 


A 2 + A x 


2A l 


Ai 


P 4 + Gi + Pi+ 
p„ 4. p„ 4. (7„ 


A 3 


A 2 


Ai 


P 4 + Gi + Pi+ 

Po + Ga 4- Po 


2A X 


A! 


P 4 + Gi + Pi+ 
p„ 4. n R 4. p, 

J 3 ~ ~ 1 2 


28 
29 
30 


D 5 + A 2 


A 3 + A 2 + 

A! 


2A 2 + A l 


A 2 + 2Ai 


A 2 + A 1 


2A 1 


A, 


Go + P 3 + G 3 + 

(7, 4- R 4- P\ 


D b + A 1 


D 5 


A 4 


A 2 + A 1 


2A X 


A l 


P 4 + Pi + P 3 + 
G 3 + P 2 + G\ 


A 3 


2A X 


A! 


P 4 + Pi + P 3 + 

R, 4. Q 4. (7 


A 2 


A! 


P 4 + P : + P 3 + 

P 2 + Gi + G 3 






A 3 


A 2 


A! 


P 4 + Pi + P 2 + 
Gi + P3 + G 4 


2A 1 


A! 


P 4 + Pi + P 2 + 
G x + P 3 + G 4 
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A A + A x 


A 2 + 2A X 


A J- A 
A 2 + Ax 


9 A 


A 

Ax 


P J- P J- c 
J4 + J 3 1 ^3 

Hx + P 2 + Gx 


A 3 + 2A X 


A 2 + Ax 


9 A 


A 

Ax 


p j- p j_ p 

-T4 + -T 3 + 1 
G 2 + G5 + G4 


A 

A4 


A J- A 

A 2 + Til 


9 /I 


A 

Ax 


p 4_ p 4_ £7" 4_ 

G 3 + P 2 + Gi 


A 

A 3 


9 /I 


A 

Ax 


p, 1 p _l fJ" _l 
-T 4 + 3 + -n 1 + 

P 2 + G 3 + Gi 


^2 


A 

Ax 


P 4_ P 4_ R 4_ 

P 2 + Gi + G 3 


A 4 + A 2 


2A 2 + A x 


A j_ 9 4 
A 2 + ZAx 


A J- A 

A 2 + ^T-l 


9 /I 


A 

Ax 


p 1 r< 1 p 1 
13 + ^3 + -T4 + 

Hx + P 2 + Gx 


A^ + Ai 


A 2 + 2A X 


/I J- /I 


9 /I 


A 

Ax 


P _l_ P _L ^ _L 

I3 + r\ + O-3 + 

Hx + P 2 + Gx 


A 3 + A x 


A 2 + Ax 


9 4 


A 

Ax 


P 4_ P 4_ P 4_ 
-T4 + -T 3 + + 

G 2 + G5 + G4 


A 


A -L A 
A 2 + Til 


9 A 
Z/±x 


A 

Ax 


P 1 P 1 fT 1 

"3 + -M, + ^ 1 + 
^3 + ^ 2 + L^l 


A 

A 3 


9 /I 


A 

Ax 


p 1 p 1 fJ 1 

P2 + G3 + Gi 




4, 
Ax 


P„ 4- P, 4- f7, 4- 

-r 3 + -T 4 + -n 1 + 

P 2 + Gx + G 3 


31 
32 


A 5 + 2A 1 


A 5 + A 1 


4„ _i_ 9 A- 

/I3 -|- 


A A, 








P., 4_ R, 4_ P, 
r 3 T -T2 T -Tl 


A 3 + 3A 1 


A 3 + 2Ai 


4Ax 








P 2 + P 3 + A 


33 
34 


A 4 + A 3 


A 3 + A 2 + 
A 1 


2A 2 + 


A -i- A 
A 2 + ZAx 


/I J- A 
A 2 + Six 


9 4 


A 

Ax 


P 4- P 4- M 4- 

H 2 + P 3 + Gx 


Ai + A 2 


2A 2 + A x 


A _i_ 9 A 
A 2 + ZAx 


A A- A 
A 2 + Ax 


9 4 


A 

Ax 


P 4_ P 4_ P 4_ 
i 5 + -T 1 + -T4+ 

G 2 + P 3 + #3 


A A + A t 


A 3 + Ax 


A J- A 
A 2 + J\x 


9 4 
Z/±x 


A 

Ax 


P -L H 4_ P 4_ 

G4 ~\~ 93 ~\~ G 2 


A 2 + 2Ax 


A 2 + Ax 


9 4 


A 

Ax 


P 4- R 4_ P 4_ 
J5 + tlx T r, 4 + 

-P2 + G3 + G2 


A 

A4 


A A- A 
A 2 + Ax 


9 A 
Z/ix 


A 

Ax 


P 4_ W 4_ R 4_ 

P 5 + tlx + -"2 + 

P 4 + P3 + Gi 


^3 


2Ax 


Ax 


P 5 + Hx + if 2 
P 3 + P 4 + Gx 


A 

A 2 


A 

Ax 


P 4_ R 4_ f7 

P3 + Gi + G 2 


35 
36 
37 
38 


A 4 + A 2 + 
Ax 


A 3 + A 2 + Ai 


2A 2 + A x 


A 2 + 2Ax 


A 2 + Ax 


2Ax 


Ax 


P 6 + Gx + G 2 
G 3 + P. + HX 
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